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Abstract
The article is devoted to the investigation of approximate, global
and along curves smoothness of functions f(x1, ..., xm) of variables
x1, ..., xm in infinite fields with non trivial multiplicative ultra-norms
and relations between them. Then classes of smoothness Cn,r and
C
n,r
b and more general in the sense of Lipschitz for partial difference
quotients are considered and theorems for them are proved. Moreover,
an approximate differentiability of functions relative to measures is de-
fined and investigated. Its relations with lipschitzian property and al-
most everywhere differentiability are studied. Finally theorems about
relations between approximate differentiability by all variables and
along curves are proved.
1 Introduction
Fields with non-archimedean valuations such as the field of p-adic numbers
were first introduced by K. Hensel [7]. Then it was proved by A. Ostrowski
[16] that on the field of rational numbers each multiplicative norm is either
the usual norm as inR or is equivalent to a non-archimedean norm |x| = p−k,
where x = npk/m ∈ Q, n,m, k ∈ Z, p ≥ 2 is a prime number, n and m and
p are mutually pairwise prime numbers. It is well known, that each locally
compact infinite field with a non trivial non-archimedean valuation is either
a finite algebraic extension of the field of p-adic numbers or is isomorphic to
the field Fpk(θ) of power series of the variable θ with expansion coefficients
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in the finite field Fpk of p
k elements, where p ≥ 2 is a prime number, k ∈ N
is a natural number [18, 22]. Non locally compact fields are also wide spread
[4, 18, 19].
Last years non-archimedean analysis [18, 19, 20] and mathematical physics
[8, 9, 10, 21, 17] are being fastly delevoped. But many questions and problems
remain open.
In the non-archimedean analysis classes of smoothness are defined in an-
other fashion as in the classical case over R, since locally constant functions
on fields K with non-archimedean valuations are infinite differentiable and
there exist non trivial non locally constant functions infinite differentiable
with identically zero derivatives [19, 20]. This is caused by the stronger ul-
trametric inequality |x + y| ≤ max(|x|, |y|) in comparison with the usual
triangle inequality, where |x| is a multiplicative norm in K [18]. In papers
[12, 13, 14, 1] there were considered classes of smoothness Cn for functions
of several variables in non-archimedean fields or in topological vector spaces
over such fields.
In the classical functional analysis the approximate differentiability and
almost everywhere differentiability are widely used and studied, for example,
for the needs of the geometric measure theory [6]. On the other hand, in the
non-archimedean case this subject was not yet investigated.
This paper is devoted to the investigation of smoothness of functions
f(x1, ..., xm) of variables x1, ..., xm in infinite fields with non trivial non-
archimedean valuations, where m ≥ 2. In the paper fields locally compact
and as well as non locally compact are considered. Theorems about classes
of smoothness Cn or Cnb of functions with continuous or bounded uniformly
continuous on bounded domains partial difference quotients up to the order
n are investigated.
In the second section the approximate limits and approximate differen-
tiability in the sense of partial difference quotients are defined and inves-
tigated over locally compact fields relative to the Haar nonnegative mea-
sures on fields. Non-archimedean analogs of classical theorems of Kirzsbraun,
Rademacher, Stepanoff, Whitney are formulated and proved (see Theorems
2.8, 9, 17, 22 respectively). Their relations with the lipschitzian property and
almost everywhere differentiability are studied (see Theorems 2.15, 19, 20,
23, 24). Finally theorems 2.25 and 26 about relations between approximate
differentiability by all variables and along curves are proved. Frequently for-
mulations of theorems and their proofs in the non-archimedean case are dif-
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ferent from the classical case due to specific features of the non-archimedean
analysis and underlying fields. All results of this paper are obtained for the
first time.
2 Approximate differentiability of functions
1. Definition and Notations. Let K be an infinite locally compact field
with a non trivial non archimedean valuation and B(K) = B be a Borel
σ-algebra of subsets of K. A σ-additive σ-finite measure µ : B → [0,∞]
is called the Haar measure, if µ is non zero and µ(x + A) = µ(A) for each
x ∈ K and A ∈ B. For convenience put µ(B(K, 0, 1)) = 1 and choose
an equivalent valuation |x| = |x|K = modK(x) in K, where modK(x) is
the modular function such that µ(xB(K, 0, R)) = modK(x)µ(B(K, 0, R)) for
each x ∈ K, where R belongs to the valuation group ΓK := {|x| : 0 6=
x ∈ K} of K, A1A2 := {a : a = a1a2, a1 ∈ A1, a2 ∈ A2} for A1, A2 ⊂ K,
B(Km, y, R) := {z ∈ Km : |z − y| ≤ R}, m ∈ N. For Km take the measure
µm = ⊗mj=1µj, where µj = µ =: µ
1 for each j, such that µm(A1 × ...×Am) =∏m
j=1 µ(Aj) for each A1, ..., Am ∈ B(K), ⊗
m
j=1B(K) is the minimal σ-algebra
generated by subsets of the form A1×...×Am and the Borel σ-algebra B(Km)
of Km coincides with ⊗mj=1B(K).
2. Remark. Suppose that (X, ρX) is a metric space with a set X and
a metric ρX in it. A non negative measure ν on a σ-algebra C of X is called
Borel regular if and only if B(X) ⊂ C and for each A ∈ C there exists
H ∈ B(X) such that ν(H) = ν(A), where B(X) denotes the Borel σ-algebra
of X which is the minimal σ-algebra generated by open subsets of X . Denote
by M the class of all Borel regular non negative measures ν on X such that
each bounded subset A in X has a finite measure 0 ≤ ν(A) <∞.
Consider the family N of all subsets A of X for which there exists G =
G(A) ∈ B(X) such that A ⊂ G and ν(G) = 0. The minimal σ-algebra
Aν = Aν(X) generated by B(X) ∪ N is the ν-completion of B(X) and it
consists of ν-measurable subsets.
A subset of the form {(y, A) : y ∈ A ⊂ X} is called a covering relation. If
Y is a subset of X , then put V (Y ) := {A : there exists y ∈ Y, (y, A) ∈ V },
where V is a covering relation in X . Then V is called fine at a point y if
and only if inf(y,A)∈V diam(A) = 0, where with each A ⊂ X is associated its
diameter diam(A) := supx,y∈A ρX(x, y).
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Consider a covering relation V in X satisfying conditions:
(V 1) V (X) is a family of Borel subsets of X ,
(V 2) V is fine at each point of X ,
(V 3) if C ⊂ V and Y ⊂ X and C is fine at each point of Y , then C(Y )
has a countable disjoint subfamily covering ν almost all of Y .
If for a given ν ∈M a covering relation V satisfies Conditions (V 1−V 3),
then it is called a ν Vitali relation.
Suppose that ν ∈M and and V is a ν Vitali relation. With each λ ∈M
there is associated another measure λν defined by the formula:
λν(A) := inf{λ(S) : S ∈ B(X), ν(A \ S) = 0}, whenever A ⊂ X , hence
λν ≤ λ.
If a covering relation V is fine at a point x ∈ X and f : dom(f) →
[−∞,∞], where dom(f) ⊂ B(X) is the domain of f , then
(V ) limS→x f(S) := lim0<ǫ→0{f(S) : (x, S) ∈ V, diam(S) < ǫ, S ∈ dom(f)},
analogously are defined
(V ) limS→x sup f(S) := lim0<ǫ→0 sup{f(S) : (x, S) ∈ V, diam(S) < ǫ, S ∈
dom(f)}
and (V ) limS→x inf f .
For a subset A inX and a point x ∈ X the limit (V ) limS→x ν(S∩A)/ν(S)
is called the (ν, V ) density of A at x.
If g : X → Y is a mapping of a metric space (X, ρX) into a (Hausdorff)
topological space Y , then y ∈ Y is called an approximate limit of g at x
(relative to a measure ν ∈ M(X) and a ν Vitaly relation V ) if and only of
for each neighborhood W of y in Y the set X \ g−1(W ) has zero density at
x and it is denoted by y = (ν, V )ap limz→x g(z). If (ν, V ) are specified, then
they may be omitted for brevity.
A function g is called (ν, V ) approximately continuous if and only if x ∈
dom(g) and (ν, V )ap limz→x g(z) = g(x).
3. Definitions. Let Y be a topological vector space over K, g : U → Y
be a mapping, where U is open in Km, m ∈ N. Then g is called approximate
differentiable at a point x of U if there exists an open neighborhood W of
x, W ⊂ U , such that Φ¯1g(x; v; t) is µ2m+1 almost everywhere continuous
on W (1) and at x there exists a linear mapping T : Km → Y such that
(µm, V )ap limz→x |g(z) − g(x) − T (z − x)|/|z − x| = 0, where V = B(K
m).
This T is also denoted by apDg(x). If this is satisfied for each z ∈ U , then
g is called approximate differentiable on U . The family of all such functions
denote by apC
1(U, Y ). Then also define approximate partial derivatives:
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apDjg(x) := ap limt→0[g(x1, ..., xj−1, xj + t, xj+1, ..., xm)− g(x)]/t.
The family of all f ∈ Cn(U, Y ) such that Φ¯nf ∈ apC1(U (n), Y ) denote by
apC
n+1(U, Y ). Suppose now that A is a µm measurable subset of U and Y
be a normed space, 0 < r ≤ 1, then denote by apCn,r(U,A, Y ) the family of
all f ∈ Cn(U, Y ) with
aplimx(n)→z(n)‖Φ¯
kf(x(n))− Φ¯nf(z(n))‖
C0(V
(n)
z,R
,Y )
/|x(n) − z(n)|r <∞
for µm almost all z ∈ A and each 0 < R < ∞, where V (k)z,R corresponds to
Uz,R = U ∩ B(Km, z, R).
4. Lemma. The families apC
n+1(U, Y ) and apC
n,r(U,A, Y ) are the
K-linear spaces.
Proof. 1. Since Cn(U, Y ) is the K linear space, then it is sufficient to
verify, that the set of all Φ¯nf with f ∈ apCn+1(U, Y ) is K linear. Therefore,
the consideration reduces to apC
1(U, Y ), where U (n) is denoted also by U .
If f, g ∈ apC1(U, Y ) and a, b ∈ K, then
Φ¯1(af + bg)(x; v; t) = aΦ¯1f(x; v; t) + bΦ¯1g(x; v; t),
since for µ2m+1-almost all points (x; v; t) ∈ K2m+1 the right side terms are
continuous and hence the left side term is such also. If x ∈ U , then
ap limz→x |(af+bg)(z)−(af+bg)(x)−a apDf(x).(z−x)−b apDg(x).(z−
x)|/|z−x| ≤ ap limz→x |a||f(z)−f(x)− apDf(x).(z−x)|/|z−x|+ap limz→x |b||g(z)−
g(x)− apDg(x).(z − x)|/|z − x| = 0, hence there exists apD(af + bg)(x) =
a apDf(x) + b apDg(x).
For each f ∈ apC1(U, Y ) the operator T = apDf(x) is unique, since the
difference H = T1−T2 of two such K-linear mappings is subordinated to the
condition: ap limv→0 |Hv|/|v| = ap limz→a |H(z−x)|/|z−x| = 0 due to Defi-
nition 3. Therefore, if 0 < ǫ < 1, then there exists R > 0, R ∈ ΓK, such that
µm(B(Km, 0, R)∩{v ∈ Km : |Hv| > ǫ|v|}) < ǫmRm. If w ∈ B(Km, 0, R) and
v ∈ B(Km, w, ǫR) with |Hv| ≤ ǫ|v|, then |Hw| ≤ max(|H(w − v)|, |Hv|) ≤
ǫRmax(‖H‖, 1), consequently, ‖H‖ ≤ ǫmax(1, ‖H‖), consequently, ‖H‖ =
0, since ǫ > 0 can be chosen arbitrary small. At the same time Φ¯1f(x; v; t)
is unique on U (1) up to a set of µ2m+1-measure zero.
2. The second assertion follows from the inequality
aplimx(n)→z(n)‖Φ¯
k(af+bg)(x(n))−Φ¯n(af+bg)(z(n))‖
C0(V
(n)
z,R
,Y )
/|x(n)−z(n)|r ≤
max(aplimx(n)→z(n)|a|‖Φ¯
kf(x(n))− Φ¯nf(z(n))‖
C0(V
(n)
z,R
,Y )
/|x(n) − z(n)|r;
|b|aplimx(n)→z(n)‖Φ¯
kg(x(n))− Φ¯ng(z(n))‖
C0(V
(n)
z,R
,Y )
/|x(n) − z(n)|r <∞
for each a, b ∈ K and f, g ∈ apCn,r(U,A, Y ).
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5. Note. For a locally compact fieldK each x ∈ K has the decomposition
x =
∑
n anπ
n for char(K) = 0 and x =
∑
n anθ
n for char(K) = p > 0 (see
Introduction), where an = an(x) are expansion coefficients. Introduce on
K the linear ordering: x ≺ y if and only if there exists m ∈ Z such that
an(x) = an(y) for each n < m and am(x) < am(y) with the natural ordering
either in B(K, 0, 1)/B(K, 0, |π|) or in Fpk respectively. In the contrary case
we write x = y. This linear ordering is compatible with neither the additive
nor the multiplicative structure of K, but it is useful and it was introduced
by M. van der Put [19]. In Km we can consider the linear ordering: x ≺ y
if and only if there exists l ∈ N such that jx = jy for each 1 ≤ j < l and
lx ≺ ly, where x = ( 1x, ..., mx) ∈ Km, ix ∈ K for each i = 1, ..., m.
6. Theorem. Let ν be a measure on Km, ν ∈ M(Km), let also f :
Km → K be ν-measurable and y1, y2, y3, ... ∈ K are pairwise distinct and such
that for each y ∈ K and every ǫ > 0 there exist n, k ∈ N such that |yn−y| < ǫ
and yn  y and |yk−y| < ǫ and y  yk. Then there exist ν-measurable subsets
A1, A2, A3, ... in K
m with characteristic functions gj = chAj such that
f(x) =
∑∞
n=1 yngn(x)
for each x ∈ Km.
Proof. If |yl − yj| ≤ δ, where 0 < δ, then max(|y − yl|, |y − yj|) ≤ δ
for each yl  y  yj. In the space L∞(Km, ν,K) the K-linear span of
characteristic functions of clopen subsets is dense. Consider the set Wn :=
{x ∈ K : |f(x)| ≤ n}, where n ∈ N, then f |Wn ∈ L
∞(Km, ν,K). There-
fore, f(x)|Wn\Wn−1 =
∑∞
k=1 sn,kgn,k(x), where each gn,k is the characteris-
tic function of a ν-measurable subset in Km, sn,k ∈ K, W0 := ∅. Then
f(x) =
∑∞
k,n=1 sn,kgn,k(x) converges pointwise for each x ∈ K
m.
Therefore, it is enough to construct the decomposition of f |Wq\Wq−1 for
arbitrary q. Thus consider the subset yn with |yn| ≤ q. For each ǫ > 0 there
exists a finite ǫ-net {yl(s) : s = 1, ..., b}, b = b(ǫ), that is for each y ∈ K there
exists s, 1 ≤ s ≤ b, such that |y − yl(s)| < ǫ.
Take the sequence ǫj = |π|j and bj = b(ǫj). If yn is the last point of
the |π|j net, then new |π|j+1-net begins and put u = 1, if it is not so, then
take u = 0. Suppose that ‖f −
∑n−1
j=1 yjgj‖L∞(An,ν,K) > 0. Otherwise the
decomposition is already found. Put by induction An = An,n+l := {x : yn 
f(x)−
∑n−1
j=1 yjgj(x) ≺ yn+l} if yn  yn−k, where l ≥ 1 is the minimal natural
number for which yn ≺ yn+l and |π|u+1‖f(x) −
∑n−1
j=1 yjgj(x)‖L∞(An,ν,K) <
|yn−yn+l| ≤ |π|u‖f(x)−
∑n−1
j=1 yjgj(x)‖L∞(An,ν,K); An = An,n+l := {x : yn+l 
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f(x)−
∑n−1
j=1 yjgj(x) ≺ yn} if yn−k  yn, where l ≥ 1 is the minimal natural
number for which yn+l ≺ yn and |π|u+1‖f(x) −
∑n−1
j=1 yjgj(x)‖L∞(An,ν,K) <
|yn − yn+l| ≤ |π|
u‖f(x) −
∑n−1
j=1 yjgj(x)‖L∞(An,ν,K), where k = k(n) is a gap
on the preceding step as l on this step. In accordance with this algorithm
some Aq may be empty, when n < q < n + l for subsequent numbers of the
algorithm, so that gq = 0 for such q. Then consider the sum (
∑n−1
j=1 yjgj(x))+
yngn. Since |yn− yn+l| ≤ |π|u|yn− yn−k| for each n and each |π|j-net is finite,
then the series
∑∞
j=1 yjgj converges. In view of the inequalities above it
converges to f |Wq\Wq−1 by the norm of L
∞(Km, ν,K) for each q. Denote
Aj for f |Wq\Wq−1 by qAj. Then
⋃∞
q=1 qAj =: Aj is ν-measurable for each
j. Since for each x ∈ Km there exists q such that x ∈ Wq \ Wq−1, then∑∞
j=1 yjgj(x) = f(x) converges pointwise.
7. Lemma. Suppose that H is a compact non void subset in Kn ×
(K \ {0}) and Xt := {y ∈ Kn : |y − z| ≤ |x|rt for every (z, x) ∈ H} for
0 ≤ t < ∞, where 0 < r ≤ 1 is a constant, then c := inf{t : Xt 6= ∅} < ∞
and Xc = (
⋂
t>cXt) 6= ∅. If q ∈ Xc, then Aq 6= ∅, where Aq := {z :
there exists (z, x) ∈ H with |q − z| = |x|rc}.
Proof. Each set Xt is compact, since H is compact. Consider the pro-
jection πn+1 : K
n+1 → K such that πn+1( 1x, ..., n+1x) = n+1x, where
jx ∈ K for each j = 1, ..., n + 1. Thus πn+1(H) is compact as the con-
tinuous image of the compact set. But πn+1(H) is contained in K \ {0},
consequently, inf(z,x)∈H |x| > 0. At the same time sup(z,x)∈H |z| < ∞, hence
0 ≤ sup{|z|/|x|r : (z, x) ∈ H} < ∞. Therefore, 0 ∈ Xt for each t ≥
sup{|z|/|x|r : (z, x) ∈ H}. Then Xc =
⋂
c<t<∞Xt 6= ∅, since Xt ⊂ Xq
for each 0 < t ≤ q and Xt 6= ∅ for each t > c. Put R := sup{|x|r :
(z, x) ∈ H for some z}. Consider y, z ∈ Xc, α ∈ K with |α| ≤ 1, then
(a, q) ∈ H implies |αy + (1 − α)z − a| ≤ max(|α||y − a|, |1− α||z − a|), but
max(|α|, |1−α|) ≤ 1, hence |αy+(1−α)z−a| ≤ |q|rc and αy+(1−α)z ∈ Xc.
Subjecting Kn to a translation we can suppose without loss of generality
that 0 ∈ Xc. If z ∈ Kn and |z| = 1, then |πsz| > 0 for each s ∈ Z. We
have πsz ∈ Xc if and only if |πsz − a| ≤ |x|rc for each (a, x) ∈ H , but
|a| ≤ |x|rc, since 0 ∈ Xc. Thus π
sz ∈ Xc if and only if |π
sz| ≤ |x|rc for
each (z, x) ∈ H , which is equivalent to |πs| ≤ |x|rc for each (a, x) ∈ H and
in its turn this is equivalent to |πs| ≤ c(inf(z,x)∈H |x|)
r. Then there exists
s0 ∈ Z such that |πs| ≤ c(inf(z,x)∈H |x|)r for each s ≥ s0, s ∈ Z. We have
H ∩ {(z, x) : |z| = |x|rc} 6= ∅, hence Aq 6= ∅, where q = 0 after translation.
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8. Theorem. If S is a subset in Km and f : S → Kn is a lipschitzian
function with constants 0 < Lip1(f) := C <∞ and 0 < Lip2(f) := r ≤ 1:
(1) |f(x)− f(y) ≤ C|x− y|r for each x, y ∈ S,
then f has a lipschitzian extension g : Km → K such that Lip1(f) = Lip1(g)
and Lip2(f) = Lip2(g), where n,m ∈ N.
Proof. With the help of transformation f 7→ cf , where 0 6= c ∈ K we
can suppose that 0 < Lip1(f) =: b ≤ 1. Consider a class Ψ of all lipschitzian
extensions fj of f on some subset Tj of K
m having the same constants C, r.
Then Ψ is partially ordered (f1, T1)  (f2, T2) if T1 ⊂ T2 and f1|T1 = f2|T1 .
Each linearly ordered subset Φ in Ψ has a maximal element (h, T ): h|Tj = fj ,
(fj, Tj)  (h, T ) for each (fj, Tj) ∈ Φ, where T ⊃
⋃
j Tj , since for each Tj, Tk
there is the inequality j ≺ k if and only if Tj ⊂ Tk and fj|Tj = fk|Tj . In view
of the Kuratowski-Zorn lemma [5] there exists a maximal element (g, T ) in
Ψ, g : T → Kn, where T ⊂ Km. It is sufficient to show, that if there exists
z ∈ Km\T , then there exists y ∈ Kn such that |y−g(x)| ≤ b|z−x|r for every
x ∈ T , consequently, g∪{(z, y)} ∈ Ψ and (g, T ) would not be maximal in Ψ.
Thus we must prove, that
⋂
x∈T B(K
n, g(x), b|x − z|r) 6= ∅. These balls are
compact, hence it is sufficient to prove that
⋂
x∈F B(K
n, g(x), b|x− z|r) 6= ∅
for each finite subset F in T . Take Xc from Lemma 7 and q ∈ Xc, then
|q − g(xi)| = |xi − x|rc for i = 1, ..., k, g(xi) ∈ Aq, where 1 ≤ k ∈ Z,
(q, x) ∈ H . We will show that q ∈ Xb. If 0 < c ≤ b, then q ∈ Xc ⊂ Xb.
If c > b, then |q − g(xi)| > |xi − x|rb for each xi, that is impossible by the
supposition of this theorem.
If x is a limit point in T , then take a sequence {xn : n} such that
limn→∞ xn = x and q = limn→∞ g(xn), since g is continuous on T and {g(xn) :
n} is the Cauchy net in K, but the latter uniform space is complete, because
K is a locally compact field. Then |q − g(y)| = limn→∞ |g(xn) − g(y)| ≤
b limn→∞ |xn − y|r = b|x − y|r for each y ∈ T . Thus T is the closed subset
in Km, hence Km \ T is open. Suppose that v ∈ Km \ T , then there exists
δ := infx∈T |v − x| > 0. Take δ ≤ R <∞, then T ∩ B(K, x0, R) is compact,
where x0 ∈ T is a marked point. Therefore, there exists v0 ∈ T such that
|v − v0| = δ.
We have that g(T ) is locally compact and closed in Km and |g(x) −
g(y)| ≤ b|x − y|r for each x, y ∈ T , consequently, B(Km, g(x), b|x − y|r) =
B(Km, g(y), b|x − y|r) for each x, y ∈ T . If |y − v| > |x − v|, then |x −
y| = |y − v|, consequently, B(Km, g(y), b|y− v|r) = B(Km, g(y), b|x− y|r) =
B(Km, g(x), b|x− y|r) ⊃ B(Km, g(x), b|x− v|r), hence
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⋂
x∈T B(K
m, g(x), b|x− v|r) ⊃
⋂
x∈T,|x−v|=|v0−v|B(K
m, g(x), b|x− v|r).
On the other hand, |g(v0) − g(x)| ≤ b|v0 − x|r ≤ bmax(|x − v|r, |v0 −
v|r) = b|v0 − v|r for |x − v| = |v0 − v|. Therefore, B(Km, g(x), b|x −
v|r) = B(Km, g(v0), b|v0 − v|r) and inevitably
⋂
x∈T B(K
m, g(x), b|x− v|r) ⊃
B(Km, g(v0), b|v − v0|r) 6= ∅, since the valuation of K is non trivial and
limk→∞ |π|k = 0.
9. Theorem. Let U be an open subset in K and let also g : U → K be
a locally lipschitzian function such that for each x0 ∈ U there exist constants
0 < C <∞ and δ > 0 and 0 < r ≤ 1 with
(1) |g(x)−g(y)| ≤ C|x−y|r for each max(|x−x0|, |y−x0|) < δ, x, y ∈ U .
Then Φ¯1g(x; v; t) is continuous for µ3-almost all points in U (1) and dg(x)/dx =
Φ¯1g(x; 1; 0) exists and is continuous for µ-almost all points of U .
Proof. The function g is locally lipschitzian, hence it is continuous.
On the other hand, the Haar measure µm on Km is Radon, that is by the
definition it satisfies the following three conditions:
(2) if J is a compact subset of K, then µm(J) <∞;
(3) if V is open in K, then µm(V ) = sup{µm(J) : J is compact , J ⊂ V };
(4) if A is a µm-measurable subset, A ⊂ K, then µm(A) := inf{µm(V ) :
V is open , A ⊂ V }.
In view of approximation Theorem 2.2.5 [6] for each µm-measurable subset
A in Km with µm(A) < ∞ and ǫ > 0 there exists a compact subset J ⊂ A
such that µm(A \ J) < ǫ. If E is a subset in U (1) of discontinuity of Φ¯1g
and D is a subset of discontinuity of dg(x)/dx in U , then it is sufficient to
demonstrate, that µ3(E ∩U (1)R,ǫ) = 0 and µ(D∩UR,ǫ) = 0 for each 0 < R <∞
and ǫ > 0, where UR,ǫ is a subset in U ∩B(K, 0, R) such that µ(U \UR,ǫ) < ǫ,
since µ3((U (1) \ U (1)R,ǫ) ∩ B(K
3, 0, R)) < 3R2ǫ + 3Rǫ2 + ǫ3. For each compact
set UR,ǫ the covering B(K, x0, δ) with δ = δ(x0) > 0 has a finite subcovering,
hence there exist C = supx0∈UR,ǫ C(x0) <∞ and 0 < r = infx0∈UR,ǫ r(x0) ≤ 1
for which Inequality (1) is satisfied for each x, y ∈ UR,ǫ. Consider a restriction
g|UR,ǫ, then by Theorem 8 it has a lipschitzian extension gR,ǫ on K with the
same constants 0 < C <∞ and 0 < r ≤ 1. Therefore, it is sufficient to prove
this theorem for a clopen compact subset U in K which is supposed in the
proof below.
Since the mapping x 7→ x + vt is continuous by (x, v, t) ∈ K3 and µ3 is
the Haar measure on K3 such that µ3 has not any atoms, then Φ¯1g(x; v; t) =
[g(x+ vt)− g(x)]/t is continuous for µ3-almost all points in U (1) if and only
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if [g(x)− g(y)]/[x− y] is continuous for µ2-almost all points of K2.
Consider the following relation
V := {(x, S) : S is a compact clopen subset in Km, x ∈ S}, where m ∈
N. Verify that V is the µm Vitaly relation. Indeed,
(1) V is a covering relation, that is a subset of {(x, S) : x ∈ S ⊂ Km};
(2) V ⊂ B(Km);
(3) for each 0 < R < ∞ and each y ∈ Km the ball B(Km, y, R) belongs
to V , hence inf{diam(S) : (x, S) ∈ V } = 0 for each x ∈ Km, consequently,
V is fine at each point of Km;
(4) Km is locally compact separable and with a countable base of its
topology consisting of clopen balls. Thus if W ⊂ V and Z ⊂ Km and W
is fine at each point z ∈ Z, then W (Z) has a countable disjoint subfamily
covering almost all of Z. Indeed, W (Z) gives a base of topology inherited
from Km. This base is countable, hence Z ⊂
⋃∞
j=1Uj , where each Uj is a
clopen compact in Km. Recall that a measure ν ∈ M(X) is called regular,
if for each A ⊂ X there exists a ν-measurable subset G in X such that
A ⊂ G and ν(A) = ν(G). With arbitrary measure ν one associates a regular
measure by the formula λ(A) := inf{ν(G) : A ⊂ G and G is ν- measurable}
(see Section 2.1.5 and the Lusin’s Theorem 2.3.5 [6]). Put V1 = U1 and Vj =
Uj \
⋃
i<j Ui, then Vi∩Vj = ∅ for each i 6= j. Since µ
m is regular, then for each
Vj there exists a finite subfamilyWk,j ∈ W such that µ
m(Vj \
⋃n
k=1Wk,j) < ǫj ,
where n = n(ǫj , j) ∈ N, Wk,j ⊂ Vj , Wk,j ∩Wl,j = ∅ for each k 6= l. Choose
ǫj = ǫ|π|j and let ǫ > 0 tend to zero. Thus
⋃
k,jWk,j covers almost all of Z,
since 0 ≤ µ1(Z \
⋃
j,kWk,j) ≤ lim0<ǫ→0
∑
j µ
m(Vj \
⋃n(ǫj ,j)
k=1 Wk,j) = 0.
Since the field K is locally compact, then there exists a generator |π|
of the valuation group ΓK such that |x| = |π|−ν(x) for each x ∈ K, where
|x| = modK(x) is the multiplicative norm in K, while ν(x) = νK(x) ∈ Z is
called the valuation function or valuation [18, 19, 22]. For the first statement
of the theorem it is sufficient to prove, that the µ2 measure of the set
A := {(x, y) ∈ U2 : lim(x1,y1)→(x,y)[g(x1)− g(y1)]/[x1 − y1]
either does not exist or is not equal to [g(x)− g(y)]/[x− y]}
is zero, since µ2{(x, x) : x ∈ K} = 0. Since g is the lipschitzian function and
[g(x1) − g(y1)]/[x1 − y1] − [g(x) − g(y)]/[x − y] = [(g(x1) − g(y1))((x −
y)− (x1− y1))+ ((g(x1)− g(y1))− (g(x)− g(y)))(x1− y1)]/[(x1− y1)(x− y)],
then
(5) |[g(x1) − g(y1)]/[x1 − y1] − [g(x) − g(y)]/[x − y]| ≤ Cmax(|x1 −
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y1|rmax(|x1−x|, |y1−y|), |x1−y1|max(|x1−x|r, |y1−y|r))/[|x1−y1||x−y|].
Under suitable affine mapping q(x) := a(x− x0) the image of U is contained
in B(K, 0, |π|), where 0 6= a ∈ K, x0 ∈ K, so without restriction of generality
suppose that U ⊂ B(K, 0, |π|), since Φ¯1g is almost everywhere continuous on
U (1) if and only if Φ¯1g ◦ q−1 is such on (q(U))(1). Consider the sets
(6) Al,n,k := {(x, y) ∈ U2 : |x−y| = |π|l, there exists (x1, y1) ∈ U2 such that
max(|x1−x|, |y1−y|) ≤ |π|k, |[g(x1)−g(y1)]/(x1−y1)−[g(x)−g(y)]/(x−y)| ≥
|π|n},
where l, n, k ∈ N. We have µ2((x, y) ∈ K2 : |x−y| = |π|l, y ∈ B(K, y0, |π|s)) =
(|π|l−|π|l+1)|π|s for each l, s ∈ N. If |x−y| = |x1−y1| > max(|x1−x|, |y1−y|),
then from (5) it follows, that |[g(x1)−g(y1)]/[x1−y1]−[g(x)−g(y)]/[x−y]| ≤
Cmax(|x− y|(r−2)max(|x1 − x|, |y1− y|), |x− y|−1max(|x1 − x|r, |y1 − y|r)).
Choose k ∈ N sufficiently large, k ≥ m0, such that Cmax[|π|
k+(r−2)l, |π|rk−l] <
|π|n, then µ2(Al,n,k) = 0, since µ2(Al,n,k ∩ {y ∈ B(K, y0, |π|l)}) = 0 for each
y0 ∈ K, where m0 = m0(l) ∈ N. Let l0 ∈ N be a large number, take
m0 = m0(l0) such that l0 tends to the infinity if and only if m0 tends to the
infinity, then µ2(
⋃∞
n=1
⋃
k,k≥m0
⋃∞
l=1Al,n,k) ≤
∑∞
l=l0
(|π|l+1 − |π|l+2) = |π|l0+1,
since B(K, 0, |π|) \ {0} =
⋃∞
l=1{x ∈ K : |x| = |π|
l} and µ({0}) = 0,
consequently, µ2(
⋃∞
n=1
⋂∞
m=1
⋃
k,k≥m
⋃∞
l=1Al,n,k) ≤ |π|
l0+1, where l0 is arbi-
trary large. Therefore, µ2(
⋃∞
n=1
⋂∞
m=1
⋃
k,k≥m
⋃∞
l=1Al,n,k) = 0, consequently,
µ2(A) = 0, since due to (6)
A ⊂ {(x, y) ∈ U2 : there exists a sequence (xm, ym) ∈ U2 such that
limm→∞(x
m, ym) = (x, y), limm→∞|[g(xm)−g(ym)]/[xm−ym]−[g(x)−g(y)]/[x−
y]| ≥ |π|n for some n ∈ N} ⊂ (
⋃∞
n=1
⋂∞
m=1
⋃
k,k≥m
⋃∞
l=1Al,n,k).
Thus [g(x)− g(y)]/(x− y) is µ2-almost everywhere continuous on U2.
Now prove the second statement, for this mention that the set A is sym-
metric relative to the transposition (x, y) 7→ (y, x). We have that [g(x) −
g(y)]/(x − y) is continuous for µ2-almost all (x, y) ∈ U2, hence on every-
where dense subset in U2. It is sufficient to show that the µ measure of the
set C := {x ∈ U : lim(x1,y1)→(x,x)[g(x1)− g(y1)]/[x1 − y1]
either does not exist or is not equal to limy→x[g(x)− g(y)]/[x− y]
or the latter limit does not exist }
is zero. For this consider the sets
(7) El,n,k := {x ∈ U : there exist y ∈ U and (x1, y1) ∈ U
2 such that
|x−y| = |π|l,max(|x1−x|, |y1−y|) ≤ |π|k, |[g(x1)−g(y1)]/(x1−y1)− [g(x)−
g(y)]/(x− y)| ≥ |π|n},
where l, n, k ∈ N. There exists m0 ∈ N such that for each k ≥ m0 there is
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satisfied the inequality Cmax[|π|k+(r−2)l, |π|rk−l] < |π|n, hence µ(El,n,k) = 0
for such k, since µ1(El,n,k ∩ {y ∈ B(K, y0, |π|l)}) = 0 for each y0 ∈ K. For
l0 ∈ N take m0 = m0(l0) such that l0 tends to the infinity if and only if m0
tends to the infinity, then
µ(
⋃∞
n=1
⋃
k,k≥m
⋃
l,l≥l0 El,n,k) ≤
∑∞
l=l0
(|π|l − |π|l+1) = |π|l0, consequently,
µ1(
⋃∞
n=1
⋂∞
m=1
⋃
k,k≥m
⋂∞
s=1
⋃
l,l≥sEl,n,k) ≤ |π|
l0, where l0 is arbitrary large.
Therefore, µ(
⋃∞
n=1
⋂∞
m=1
⋃
k,k≥m
⋂∞
s=1
⋃
l,l≥sEl,n,k) = 0, consequently, µ(C) =
0, since in view of (7)
C ⊂ {x ∈ U : there exists a sequence (zm, xm, ym) ∈ U3 such that
limm→∞(z
m, xm, ym) = (x, x, y), limm→∞|[g(xm)−g(ym)]/[xm−ym]− [g(x)−
g(zm)]/[x−zm]| ≥ |π|n for some n ∈ N} ⊂ (
⋃∞
n=1
⋂∞
m=1
⋃
k,k≥m
⋂∞
s=1
⋃
l,l≥sEl,n,k).
Therefore, dg(x)/dx exists and is µ-almost everywhere continuous on U .
10. Lemma. If S is a µm⊗µk measurable subset of Km×Kk, ǫ > 0 and
δ > 0 and T := {x ∈ Km : µk({z : (x, z) ∈ S, |z| ≤ R}) ≤ ǫRk}, whenever
0 < R < δ, then T is µm measurable.
Proof. For each 0 < R < ∞ the set SR := S ∩ {(x, z) : |z| ≤ R} is
µm ⊗ µk measurable and by the Fubini theorem µk({z : (x, z) ∈ SR}) is the
µm measurable function of the variable x, hence T is µm measurable, since
T = {x ∈ Km : µk({z : (x, z) ∈ SR}) ≤ ǫRk}.
11. Lemma. If a function φ : Km ×Kk → R is µm ⊗ µk measurable,
then aplimz→0φ(x, z) and aplimz→0φ(x, z) are µ
m measurable functions of the
variable x.
Proof. For each c ∈ R applying Lemma 10 to the sets {(x, z) : φ(x, z) >
c} and {(x, z) : φ(x, z) < c} we get the statement of this lemma.
12. Lemma. If u : Kn → Km is a K-linear epimorphism and A is a µm
measurable set, then u−1(A) is µn measurable.
Proof. This follows from the fact that there exists a K-linear isomor-
phism v : Kn → Km ×Kn−m such that v ◦ u−1(A) = A×Kn−m.
13. Lemma. If a function g : Km → K is µm measurable and 1 ≤
k ≤ m, then the µk approximate limit is ap limz→0 g( 1x + 1z, ..., kx +
kz, k+1x, ..., mx) = g(x) for µ
m almost all x.
Proof. There exists the isomorphism v : Km → Kk × Km−k. Put
h(x, y, z) = (x+ z, y), where h : Kk ×Km−k ×Kk → Kk ×Km−k. In view of
Lemma 12 the composite function g ◦ h is µk×µm−k ×µk measurable. From
Lemma 11 it follows, that A := {(x, y) : ap limz→0 g(x + z, y) = g(x, y)} is
µk ⊗ µm−k measurable.
Theorem 2.9.13 [6] states that if a function f maps ν almost all of X
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into Y , where (X, ρX) is a metric space, (Y, ρY ) is a separable metric space,
then f is ν measurable if and only if f is approximately (ν, V ) continuous at
almost all points of X .
In accordance with the latter theorem and the Fubini theorem the func-
tion g(x, y) is µk measurable by x for µm−k almost all y and µk({x : (x, y) /∈
A}) = 0 and the complement of A has µk measure zero.
14. Corollary. If A is µm measurable set in Km and 1 ≤ k ≤ m, then
for µm almost all y ∈ A the set Kk ∩ {x : ( 1x, ..., kx, k+1y, ..., my) /∈ A}
has zero µk density at ( 1y, ..., ky).
Proof. This follows from Lemma 13 for the characteristic function g =
chA, where chA(y) = 1 for each y ∈ A, chA(y) = 0 for each y ∈ Km \ A.
15. Theorem. If f : Km → Kn is µm measurable, then Ai :=
dom apDif is a µ
m measurable set, Vi := dom apΦ¯
1f(x; ei; t) is a µ
m+1 mea-
surable set such that µm+1(Km+1\Vi) = 0, moreover, apDif and apΦ¯1f(x; ei; t)
are µm|Ai and µ
m+1|Vi measurable functions respectively,
(1) apΦ¯
1f(x; v; t) = v1 apΦ¯
1f(x+e2v2+ ...+emvm; e1; v1t)+v2 apΦ¯
1f(x+
e3v2 + ... + emvm; e2; v2t) + ... + vm apΦ¯
1f(x; em; vmt)
for µm+1 almost all points (x, t) in V :=
⋂m
i=1 Vi and each v = v1e1 + ... +
vmem ∈ Km,
(2) apDf(x).v =
∑m
i=1 vi apDif(x))
for µm almost all points x in A :=
⋂m
i=1Ai and each v ∈ K
m.
Proof. Since f = (f1, ..., fn), where fj : K
m → K, then dom apΦ¯1f(x; ei; t) =⋂n
j=1 dom apΦ¯
1fj(x; ei; t) and dom apDif =
⋂n
j=1 dom apDifj for each i =
1, ..., m, consequently, it is sufficient to prove this theorem for n = 1. Thus
suppose that n = 1.
In accordance with Theorem 2.9.13 [6] (see its formulation in section 13)
the function Φ¯1f(x; v; t) is approximately continuous onKm×Km×(K\{0}),
since [f(x+ vt)− f(x)]/t is µ2m+1 measurable on Km×Km× (K \ {0}) and
inevitably µm+1(Km+1 \ Vi) = 0, since µ({0}) = 0. Therefore, Formula
(1) is satisfied for µm+1 almost all points (x; t) in V , where µm+1(Km+1 \
V ) = 0. So it remains to spread this for t = 0, but apΦ¯
1f(x; v; 0) =
ap limt→0 Φ¯
1f(x; v; t) = apDf(x).v and the proof of this theorem reduces
to the proof of its statement relative to apDf(x).
The set Ai is µ
m measurable if and only if its complement Km \Ai is µ
m
measurable. ButKm\Ai =
⋃∞
s=1
⋂
l,l≥s
⋃∞
u=1
⋂
k,k≥u
⋃∞
q=1El,k,q, where El,k,q :=
{x ∈ Km : there exist t1, t2 ∈ K such that max(|t1|, |t2|) = |π|k, |t1 − t2| =
|π|l, | apΦ¯1f(x; ei; t1) − apΦ¯1f(x; ei; t2)| ≥ |π|q or | apΦ¯1f(x; ei; t1)| ≥ |π|−q}.
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Each set El,k,q is µ
m measurable, since µm+1(Km+1 \ Vi) = 0 and due to
Lemma 10, hence Ai is µ
m measurable for each i = 1, ..., m.
Put TR,i,j(x) := {t ∈ K : |t| < R, |f(x+tei)−f(x)−t apDif(x)| > |t||π|j}
and Bi,j,q := Ai ∩ {x ∈ Km : µ(TR,i,j(x)) ≤ R|π|j∀0 < R < |π|q}, whenever
x ∈ Km, 0 < R < ∞, i, j, q ∈ N. For i > 1 denote ZR,i,j,q(x) := {z ∈
Ki−1 : |z| < R, either x + 1ze1 + ... + i−1zei−1 /∈ Bi,j,q or | apDif(x +
1ze1+ ...+ i−1zei−1)− apDif(x)| > R|π|j}, also introduce the sets Ci,j,q,k :=
Bi,j,q ∩ {x : µ
i−1(ZR,i,j,q(x)) ≤ R
i−1|π|j∀0 < R < |π|k} for k ∈ N and
i > 1, in particular, C1,j,q,k := B1,j,q for each k. In view of Lemmas 10 and
13 Bi,j,q and Ci,j,q,k are µ
m measurable and Ai =
⋃∞
q=1Bi,j,q for each (i, j),
moreover, µm(Bi,j,q \
⋃∞
k=1Ci,j,q,k) = 0 for each (i, j, q), also Bi,j,q ⊂ Bi,j,q+1
and Ci,j,q,k ⊂ Ci,j,q,k+1. For a subset S in
⋂m
i=1Ai with µ
m(S) <∞ and every
ǫ > 0 there exist sequences {qj : j ∈ N} and {kj : j ∈ N} of natural numbers
such that µm(S \ Bi,j,qj) < ǫ|π|
j and µm(S ∩ Bi,j,qj \ Ci,j,qj,kj) < ǫ|π|
j for
i = 1, ..., m and j ∈ N, consequently, µm(S \ G) < 2|π|(1− |π|)−1mǫ, where
G :=
⋂m
i=1
⋂∞
j=1Ci,j,qj,kj .
We will demonstrate that f is uniformly approximately differentiable at
the points of G. Consider x ∈ G, j ∈ N and 0 < R < min(|π|qj , |π|kj), Si :=
{v ∈ Km : |v| ≤ R and either i > 1 and (v1, ..., vi−1) ∈ ZR,i,j,qj(x) or vi ∈
TR,i,j(x+ v1e1 + ...+ vi−1ei−1)}, where i = 1, ..., m. Since µi−1(ZR,i,j,qj(x)) ≤
Ri−1|π|j and since µ(TR,i,j(x)) ≤ R|π|
j for z = x+v1e1+...+vi−1ei−1 ∈ Bi,j,qj ,
then µm(Si) ≤ Ri−1|π|jRm−i+1+R|π|jRm−1 = 2Rm|π|j. If v ∈ B(Km, 0, R) \
Si, then |f(x+ v1e1+ ...+ viei)− f(x+ v1e1+ ...+ vi−1ei−1)− vi apDif(x)| ≤
max(|vi||π|j, |vi apDif(x + v1e1 + ... + vi−1ei−1) − vi apDif(x)|) ≤ |vi||π|j.
Putting S :=
⋃m
i=1 Si we get µ
m(S)R−m ≤ 2m|π|j and the inclusion v ∈
B(Km, 0, R)\S implies that |f(x+v)−f(x)−
∑m
i=1 vi apDif(x)| ≤ |π|
j maxmi=1 |vi| =
|π|j|v|.
16. Lemma. Let S ⊂ A ⊂ Km, f : A→ Kn, 0 < R < ∞, 0 < C < ∞
and z ∈ S implies B(Km, z, R) ⊂ A with |f(x)− f(z)| ≤ C|x − z| for each
x ∈ B(Km, z, R). Suppose also that y ∈ S, Km \ S has µm density 0 at each
z ∈ Uy for some (open) neighborhood Uy of y in Km and f is approximately
differentiable at y. Then f is differentiable at y such that Φ¯1f(y; v; t) is
continuous on (Uy ∩A)(1) for some neighborhood Uy of y in Km.
Proof. Suppose that L = apDf(y), 0 < ǫ < 1, 0 < δ ≤ R and put
W := S∩{z : |f(z)−f(y)−L(z−y)| ≤ ǫ|z−y|} and µm(B(Km, y, q)\W ) <
ǫmRm for each 0 < q < δ, q ∈ ΓK. For x ∈ B(Km, y, δ) take q = |x− y| and
mention that B(Km, x, q) = B(Km, y, q), also W ∩B(Km, x, q) 6= ∅. Choose
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z ∈ B(Km, x, ǫq) ∩W , hence x ∈ B(Km, z, ǫq) ⊂ B(Km, z, R), consequently,
(1) |f(x) − f(y) − L(x − y)| ≤ max(|f(z) − f(y) − L(z − y)|, |f(x) −
f(z)|, |L(z−x)|) ≤ max(ǫ|z−y|, C|x−z|, ‖L‖|x−z|) ≤ ǫmax(|x−y|, Cq, ‖L‖q) =
ǫ|x − y|max(1, C, ‖L‖), since |z − y| ≤ max(|z − x|, |x − y|) ≤ |x − y| = q.
From the arbitrariness of 0 < ǫ < 1 it follows, that there exists L = Df(y).
From Inequality (1) we have
(2) |Φ¯1f(y; v; t)− Lv| ≤ ǫmax(1, C, ‖L‖)
for all v = x− y, x ∈ B(Km, y, δ), consequently,
(3) limt→0 Φ¯
1f(y; v; t) = Lv uniformly by x ∈ B(Km, y, δ),
since ǫ > 0 is arbitrary small. From the existence of Df(y) it follows that f
is continuous at y. The condition Km \ S has µm density 0 at each z ∈ Uy
implies that S is everywhere dense in Uy for some neighborhood Uy of y. Then
|f(y + xt1) − f(y + vt2)| ≤ max(|f(y + xt1) − f(z)|, |f(z) − f(y + vt2)|) ≤
Cmax(|z− y− xt1|, |z− y− vt2|) for each z ∈ S, where y+ xt1, y+ vt2 ∈ A,
B(Km, z, R) ⊂ A and max(|z− y−xt1|, |z− y− vt2|) can be chosen equal to
|xt1−vt2|, since ΓK is discrete in (0,∞) and S is dense in Uy. Thus Φ¯1f(y; v; t)
is continuous on U (1)y ∩ (A
(1) \ {(y; v; t) : Km ∋ v 6= 0,K ∋ t 6= 0}). Together
with (3) this gives the continuity of Φ¯1f(y; v; t) on (Uy ∩ A)(1).
17. Theorem. If f : Km → Kn is a locally lipschitzian function such
that for each x0 ∈ Km there exist constants 0 < C < ∞ and δ > 0 and
0 < r ≤ 1 with
(1) |g(x)−g(y)| ≤ C|x−y|r for each max(|x−x0|, |y−x0|) < δ, x, y ∈ Km.
Then f is differentiable at µm almost all points of Km on a subset G and
Φ¯1f(x; v; t) is continuous at µ2m+1 almost all points of K2m+1 on a subset V0
such that for each ǫ > 0 there exists a closed subset Gǫ in G with µ
m(G\Gǫ) <
ǫ and Df is continuous on Gǫ and G
(1)
ǫ ⊂ V0.
Proof. Let the sets Ai and Vi be the same as in Theorem 15. For x ∈ Km
consider the map fx(h) := f( 1x, ..., i−1x, h, i+1x, ..., mx) for any h ∈ K, so
it is locally lipschitzian. In accordance with Theorem 9 Φ¯1fx(h;w; t) is contin-
uous for µ3 almost every (h;w; t) ∈ K3 and dfx(h)/dh is µ almost everywhere
continuous by h on K for each marked point ( 1x, ..., i−1x, i+1x, ..., mx) ∈
Km−1. Since Ai is µ
m measurable and Vi is µ
2m+1 measurable, then µm(Km \
Ai) = 0 and µ
2m+1(K2m+1 \ Vi) = 0 and inevitably µ
m(Km \ G) = 0 and
µ2m+1(K2m+1 \ V ) = 0, where G :=
⋂m
i=1Ai and V =
⋂m
i=1 Vi. Thus f |G
is differentiable, Φ¯1f(x; v; t)|V is µ2m+1 measurable. On the other hand,
(K2m+1 \K2m × {0}) ⊂ V , since f is continuous on Km and so Φ¯1f(x; v; t)
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is continuous on (K2m+1 \K2m × {0}), consequently, Φ¯1f(x; v; t) is contin-
uous by each triple ( jx; jv; t) and µ
2m+1 measurable on G(1), G(1) ⊂ V ,
µ2m+1(K2m+1 \G(1)) = 0, since µm(Km \G) = 0.
The Lusin Theorem 2.3.5 [6] asserts: if φ is a Borel regular nonnegative
measure over a metric space X (or a Radon measure over a locally compact
Hausdorff space X), if f is a φ measurable function with values in a separable
metric space Y , A is a φ measurable set for which φ(A) < ∞, and ǫ > 0,
then A contains a closed (compact) set C such that φ(A \C) < ǫ and f |C is
continuous.
In view of the Lusin theorem for each ǫ > 0 and each 0 < R < ∞
and ξ ∈ G there exists a compact subset E ⊂ (G ∩ B(Km, ξ, R)) such that
µm((G∩B(Km, ξ, R))\E) < ǫ and Df |E is continuous, hence Φ¯1f(x; v; t)|E(1)
is continuous. Therefore, the restriction of f on E is lipschitzian with
Lip2(f |E) = 1. In view of Theorem 8 there exists an extension gE on Km of
f |E with Lip1(gE) = Lip1(f |E) and Lip2(gE) = 1.
Take in Lemma 16 S = E and A = Km. Therefore, gE is differentiable at
µm almost all points of Km and Φ¯1gE(x; v; t) is continuous at µ
2m+1 almost
all points of K2m+1. Since ξ ∈ G, 0 < R < ∞ and ǫ > 0 are arbitrary, we
can take a disjoint covering B(Km, ξj, Rj), Rj ≥ 1, of G and Ei,j ⊂ [(G ∩
B(Km, ξj, Rj)) \
⋃
l,l<iEl,j ] such that µ
m((G∩B(Km, ξj, Rj)) \ (
⋃i
l=1El,j)) <
|π|i+j+k, where k ∈ N is some large fixed number, i, j ∈ N, E0,j := ∅.
Then consider G\
⋃s
j=1
⋃s
i=1Ei,j and continue this construction by induction.
The family of restrictions f |Ei,j generates the function f |G1, where G1 =⋃∞
i,j=1Ei,j and µ
m(G \ G1) = 0. Since Ei,j ⊂ [B(Km, ξj, Rj)) \
⋃
l,l<iEl,j ],
each El,j is compact and each [B(K
m, ξj, Rj)) \
⋃
l,l<iEl,j] is open in K
m
and B(Km, ξj, Rj) ∩ B(K
m, ξq, Rq) = ∅ for each q 6= j, then take Gǫ :=
⋃∞
j=1
⋃n(j)
i=1 Ei,j , where n(j) ∈ N is a sequence such that
∑∞
j=1 |π|
n(j)+j+k < ǫ.
Each n(j) is finite and
⋃n(j)
i=1 Ei,j is closed, hence
⋃∞
j=1
⋃n(j)
i=1 Ei,j is closed in
Km and inevitably Df is continuous on Gǫ such that G
(1)
ǫ ⊂ V0.
18. Lemma. If A is a µm-measurable subset in Km and f : A → Kn
is locally lipschitzian, then f has µ2m+1-everywhere in A(1) an approximate
partial difference quotient Φ¯1f(x; v; t) and Φ¯1f(x; ei; t) for µ
m+1 almost all
points (x; ei; t) of (A×{ei}×K)∩A(1) and µm-almost everywhere on A an ap-
proximate differential Df(x) and approximate partial differentials Djf(x) =
∂f(x)/∂ jx.
Proof. In accordance with Theorem 8 and the proof of Theorem 9 for
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each ǫ > 0 and 0 < R < ∞ the function f |AR,ǫ has a lipschitzian extension
g : Km → Kn such that g has the same lipschitzian constants 0 < C < ∞
and 0 < r ≤ 1, where AR,ǫ is a compact subset in A ∩ B(Km, 0, R) such
that µm(A∩B(Km, 0, R) \AR,ǫ) < ǫ. From Theorem 17 it follows that g has
Φ¯1g and Dg at µ2m+1 and µm almost all points of A(1) and A respectively.
Recall that one say that B is a φ hull of A if and only if A ⊂ B ⊂ X , B is φ
measurable and φ(T ∩A) = φ(T ∩B) for every φ measurable subset T , where
φ is a measure over X . Theorem 2.9.11 [6] states that if A ⊂ X and P = {x :
(V ) limS→x φ(S ∩ A)/φ(S) = 1}, Q = {x : (V ) limS→x φ(S \ A)/φ(S) = 0},
then P and Q are φ measurable, φ(A \ P ) = 0, A ∪ P is a φ hull of A,
φ(Q \A) = 0, X \ (A∩Q) is a φ hull of X \A. Moreover, φ measurability of
A is equivalent to each of the two conditions: φ(P \ A) = 0, φ(A \Q) = 0.
In view of this theorem K2m+1 \ A(1) and Km \ A have zero densities at
µ2m+1 and µm almost all points of A(1) and A respectively. At points where
both conditions hold there are apΦ¯
1g and apDg. By Corollary 14 we have
Dig(x) = apDig(x) and Φ¯
1g(x; ei; t) = apΦ¯
1g(x; ei; t) for µ
m almost all x ∈ A
and µm+1 almost all points (x; ei; t) of (A×{ei}×K)∩A(1) correspondingly.
From combinatorial Formulas 15(1, 2) we get, that f has µ2m+1-everywhere in
A(1) an approximate partial difference quotient apΦ¯
1f(x; v; t) and µm-almost
everywhere on A an approximate differential apDf(x).
19. Theorem. If A ⊂ Km, m,n ∈ N, f : A → Kn and for each y ∈ A
there exist δ = δ(y) > 0 and 0 < r = r(y) ≤ 1 such that aplimx→z|f(x) −
f(z)|/|x−z|r <∞ whenever z ∈ A and |z−y| < δ, then A =
⋃
j∈ΛEj, where
card(Λ) ≤ ℵ0, such that the restriction of f to each Ej is lipschitzian; more-
over, f is approximately differentiable such that there exist apΦ¯
1f(x; v; t) and
apDf(x) for µ
2m+1 almost all points (x; v; t) of A(1) and µm almost all points
x of A correspondingly.
Proof. From the supposition of this theorem there follows that the den-
sity of Km \A is zero and f is approximately continuous at each point of A.
Therefore, A is µm measurable and f is µm|A measurable in accordance with
Theorems 2.9.11 and 2.9.13 [6]. Denote QR,j(z) := B(K
m, z, R) ∩ {x : x /∈
A or |f(x)−f(z)| > |π|−j|x−z|r} for |π|j < R < δ(y) and z ∈ A with |y−z| <
δ = δ(y) provided by the conditions of this theorem, 0 < R ∈ ΓK, j ∈ N.
Each set Ej := A∩{z : µ
m(QR,j(z)) < R
m/2 for 0 < R < |π|j} is µm measur-
able in accordance with Lemma 10 and A =
⋃∞
j=1Ej . If R = |x− z| < δ(y),
then µm(QR,j(z) ∪ QR,j(x)) < Rm = µm(B(Km, z, R) ∩ B(Km, x, R)), since
B(Km, z, R) = B(Km, x, R). Choosing w ∈ B(Km, z, R)\(QR,j(x)∪QR,j(z))
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we get |f(x) − f(z)| ≤ max(|f(x) − f(w)|, |f(w) − f(z)|) ≤ |π|jmax(|x −
w|r, |w−z|r) ≤ |π|j|x−z|r. Therefore, if x, z ∈ Ej and |x−z| < |π|j < R, then
|f(x)−f(z)| ≤ |π|−j|x−z|r, since A is everywhere dense inKm. Then each Ej
is of diameter less than |π|j, j ∈ N. Each restriction f |Ej is lipschitzian and
Lemma 18 gives that f |Ej is approximately differentiable, hence f has µ
2m+1-
everywhere in A(1) an approximate partial difference quotient Φ¯1f(x; v; t) and
Φ¯1f(x; ei; t) for µ
m+1 almost all points (x; ei; t) of (A× {ei} ×K)∩A(1) and
µm-almost everywhere on A an approximate differential Df(x) and approx-
imate partial differentials Djf(x) = ∂f(x)/∂ jx.
20. Theorem. If A ⊂ W ⊂ Km, m,n ∈ N, W is open, A is µm
measurable, f : W → Kn and for each y ∈ A there exist δ = δ(y) > 0 and
0 < r = r(y) ≤ 1 such that limx→z|f(x)−f(z)|/|x−z|r <∞ whenever z ∈ A
and |z− y| < δ, then f is differentiable such that there exist Φ¯1f(x; v; t) and
Df(x) for µ2m+1 almost all points (x; v; t) of W
(1)
A := {(x; v; t) : x ∈ A, v ∈
Km, t ∈ K, x+ vt ∈ W} and µm almost all points x of A respectively.
Proof. The field K is locally compact with the non archimedean mul-
tiplicative norm, hence A has a countable covering by balls B(Km, yj, δj)
contained in W , where yj ∈ A, δj := δ(yj). Therefore, A is contained
in the countable union of the subsets Ej := W ∩ {z : |f(x) − f(z)| ≤
|π|j|x − z|r for x, z ∈ B(Km, yi, δi) and |π|j ≤ δi for some i ∈ N}. Sup-
pose that there exists a sequence ζl ∈ Ej converging to z ∈ Km as l tends
to the infinity. Take x ∈ B(Km, z, |π|j) ⊂ B(Km, yi, δi). There exists l0 ∈ N
such that {z, x} ⊂ B(Km, ζl, |π|
j) ⊂W for each l ≥ l0, hence |f(x)−f(z)| ≤
max(|f(x)−f(ζl)|, |f(z)−f(ζl)|) ≤ |π|j max(|x−ζj|r, |z−ζj|r) ≤ |π|j|x−z|r,
consequently, z ∈ Ej. Thus each Ej is closed in Km. Each Ej is of diameter
not greater, than δi with the corresponding i and f |Ej is lipschitzian. In view
of Theorems 2.9.11 [6] and 19 above the function f |Ej is approximately differ-
entiable such that there exist apΦ¯
1f(x; v; t) and apDf(x) for µ
2m+1 almost
all points (x; v; t) of W
(1)
Ej
and µm almost all points x of Ej correspondingly,
since for t 6= 0 we have apΦ¯1f(x; v; t) = [f(x + vt) − f(x)]/t, x + vt ∈ W ,
x ∈ Ej ⊂ A. Moreover, Km \ Ej has zero density at each y ∈ A. Then
Theorem 8 and Lemma 16 provide that f is differentiable such that there
exist Φ¯1f(x; v; t) and Df(x) for µ2m+1 almost all points (x; v; t) of A(1) and
µm almost all points x of A respectively.
21. Lemma. If G ⊂ V ⊂ Km, h : V → K \ {0} is Lispchitzian
with r = Lip2(h) = 1, {B(K
m, y, |h(y)|) : y ∈ G} is the disjoint family,
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b ≥ Lip1(h), 0 < α ∈ ΓK, 0 < β ∈ ΓK, bα < 1 and bβ < 1 and Gx :=
G ∩ {y : B(Km, x, α|h(x)|) ∩B(Km, y, β|h(y)|) 6= ∅} for x ∈ V , then
(1) [(1− bβ)/(1+ bα)] ≤ |h(x)|/|h(y)| ≤ [(1+ bβ)/(1− bα)] for all y ∈ Gx
and
(2) card(Gx) ≤ [max(α, β(1 + bα)/(1− bβ))]m[(1 + bβ)/(1− bα)]m.
Proof. If y ∈ Gx, then |h(x)−h(y)| ≤ b|x−y| ≤ bmax(α|h(x)|, β|h(y)|) ≤
b(α|h(x)|+β|h(y)|), hence (1−bα)|h(x)| ≤ (1+bβ)|h(y)| and (1−bβ)|h(y)| ≤
(1 + bα)|h(x)|, since |x − z|Km ≥ ||x|Km − |z|Km|R for each x, z ∈ K
m.
If y 6= g ∈ G, then B(Km, y, |h(y)|) ∩ B(Km, g, |h(g)|) = ∅ if and only
if |y − g| > max(|h(y)|, |h(g)|). Then |x − y| ≤ max(α|h(x)|, β|h(y)|) ≤
|h(x)|max(α, β(1+bα)/(1−bβ)), consequently, B(Km, y, |h(y)|) ⊂ B(Km, x, γ|h(x)|),
where γ := max(α, β(1 + bα)/(1− bβ)), hence card(Gx)[(1− bα)|h(x)|/(1 +
bβ)]m ≤
∑
y∈Gx |h(y)|
m ≤ (β(1 + bα)/(1 − bβ))m|h(x)|m, since Gx ⊂ G and
G is discrete, Gx ⊂ B(Km, x, γ|h(x)|).
22. Theorem. Suppose Y is a normed vector space over K, A is a closed
subset in Km and to each z ∈ A there corresponds a polynomial function
Pz : K
m → Y with degree deg(Pz) ≤ k. Let also S ⊂ A and δ > 0 and
ρ(S, δ) := sup0<|x−z|≤δ;x,z∈S;j=0,1,...,k ‖Φ¯
jPx(z; v; t)−Φ¯jPz(z; v; t)‖C0(V (j)z ,Y )|x−
z|j−k, where Uz = B(Km, z, |π|ζ), ζ ∈ N is a marked number, v = (v1, ..., vj),
t = (t1, ..., tj), U
(j) := {(y; v1, ..., vj ; t1, ..., tj) : y ∈ U, y + v1t1 + ... + vjtj ∈
U, vi ∈ Km, ti ∈ K ∀i = 1, ..., j}, V (j)z := {(y; v1, ..., vj; t1, ..., tj) ∈ U
(j)
z :
vi ∈ Km, |vi| = 1, ti ∈ K ∀i = 1, ..., j}. If lim0<δ→0 ρ(S, δ) = 0 for each
compact subset S of Km, then there exists a map g : Km → Y of class Ck
such that Φ¯jg(z; v; t) = Φ¯jPz(z; v; t) on V
(j)
z for each j = 0, 1, ..., k and z ∈ A.
Proof. Let F be a family of open subsets of Km. Take b = |π|s0 for a
marked natural number s0. Let hR be a function on W :=
⋃
U∈F U such that
hR(x) := b sup{inf(1, dist(x,Km\T )) : T ∈ F}. Since ΓK is discrete in (0,∞)
and | ∗ | is the continuous norm from K into ΓK∪{0}, then hR(x) ∈ ΓK∪{0}
for each x ∈ W and hR(x) is continuous, hence for each clopen or closed G
in ΓK ∪ {0} its counter image h
−1
R (G) is clopen or closed in W respectively.
Therefore, W is the disjoint union of the closed set h−1R (0) and the clopen
subsets h−1R (u) while u ∈ ΓK, consequently, there exists a continuous function
h : W → K such that |h(x)| = hR(x) for each x ∈ W , since hR is continuous.
In accordance with Theorem 2.8.4 [6] if (X, ρX) is a metric space and F is
a family of its closed subsets, δ is a nonnegative bounded function on F and
1 < τ < ∞, then F has a disjointed subfamily G such that for each T ∈ F
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there exists H ∈ G with T ∩H 6= ∅ and δ(T ) ≤ τδ(H).
With each H ∈ F it is possible to associate its δ, τ enlargement Hˆ :=
⋃
{T : T ∈ F, T ∩ H 6= ∅, δ(T ) ≤ τδ(H)}. Corollary 2.8.5 [6] states that
⋃
T∈F T ⊂
⋃
H∈G Hˆ.
In the considered here situation take F := {B(Km, x, hR(x)) : x ∈
W}, δ = diam, τ = |π|s1 for a marked integer number s1 ≤ 0. Choose
G ⊂ W so that {B(Km, y, hR(y)) : y ∈ G} is disjoined, hR(y) > 0, and⋃
y∈GB(K
m, y, hR(y)) = W , where s0, s1 are subordinated to the condi-
tion |s1| + 1 < s0. Evidently G is countable. By Lemma 21 we get that
x ∈ W implies (1 − bβ)/(1 + bα) ≤ hR(x)/hR(y) ≤ (1 + bβ)/(1 − bα) for
all y ∈ Gx. Taking α = β = b|π|s2 we get [(1 − |π|2s0+s2)/(1 + |π|2s0+s2] <
|h(x)|/|h(y)| ≤ [(1 + |π|2s0+s2)/(1 − |π|2s0+s2] for every y ∈ Gx. Moreover,
card(Gx) ≤ |π|
s0+s2[(1 + |π|2s0+s2)/(1− |π|2s0+s2)]2m, where s0 ≥ 1, s2 ≥ −1
are integers.
Consider the mapping wy(x) := chB(Km,0,1)((x − y)/(πh(y)) for y ∈ G,
x ∈ Km, where chP is the characteristic function of a subset P in Km.
Therefore, suppwy = B(K
m, y, |πh(y)|). This function is of C∞ class with
finite Cn norms for each n ∈ N, since each Φ¯jwy(x; v; t) is bounded on
Km × S(Km, 0, 1)j ×Kj for each j ∈ N, where S(Km, z, R) := {x ∈ Km :
|x − z| = R} for R ∈ ΓK, |x| = maxmj=1 | jx|, x = ( 1x, ..., mx). Indeed,
Φ¯1chB(x; v; t) = 0 for x, x + vt ∈ B or for |x| > 1 and |x + vt| > 1,
Φ¯1chB(x; v; t) = 1/t for |x| ≤ 1 and |x+ vt| > 1 or |x| > 1 and |x+ vt| ≤ 1,
where B = B(Km, 0, 1). In the latter two cases |t| > 1 for |v| = 1. Con-
tinuing by induction we get |Φ¯jchB(Km,0,1)(x; v; t)| ≤ 1 for each x ∈ Km,
v ∈ S(Km, 0, 1)j and t ∈ Kj , hence |Φ¯jwy(x; v; t)| ≤ |πh(y)|−j for each
(x; v; t) ∈ Km × S(Km, 0, 1)j ×Kj.
Choose now G0 ⊂ G with the additional condition that⋃
y∈G0 B(K
m, y, |πh(y)|) ⊃W and
B(Km, y, |πh(y)|)∩B(Km, g, |πh(g)|) = ∅ for each y 6= g ∈ G0
and consider the function φ(x) :=
∑
y∈G0 wy(x). Then φ ∈ C
∞ and φ(x)|W =
1 for each x ∈ W . Thus the family of functions {wy(x) : y ∈ G0} constitute
the partition of unity on W associated with the family F . They are of class
C∞ and their supports form a disjoint clopen refinement F of covering W .
Consider the subset U = Km\A and put F = {U}. Since A is closed, then
U is open in Km. Applying Lemma 21 we get hR(x)/b = inf{1, dist(x,A)}
for x ∈ U . For y ∈ S we take ψ(y) ∈ A with |y − ψ(y)| = dist(y, A). Then
we define a function g : Km → Y by the formula g(x) = Px(x) for x ∈ A
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and g(x) =
∑
y∈S wy(x)Pψ(x)(x) for x ∈ U . Therefore, g ∈ C
∞(Km,K), since
Φ¯jg are polynomials of Φ¯iwy and Φ¯
lPψ(y) with the corresponding arguments,
where 1 ≤ i ≤ j, 1 ≤ l ≤ j (see Corollary 2.6).
In the particular case of X = Km we have
Φ¯jf(z; y − z, ..., y − z; 0, ..., 0) =
∑
l(1),...,l(j)∈{1,...,m} Φ¯
jf(z; el(1), ..., el(j); 0, ..., 0)( l(1)y − l(1)z)...( l(j)y − l(j)z)
for f ∈ Cn(U, Y ), j ≤ n, where U is an open subset in Km, y, z ∈ U . In view
of Theorem A.1 (see Appendix)
Φ¯jPx(y
(j))−Φ¯jPz(y
(j)) =
∑k
i=0
∑
l¯i
(Φ¯iy[Φ¯
jPx(y
(j))−Φ¯jPz(y
(j))](z
(i+j)
l¯i
)).(y−
z)i +
∑
l¯k−j
Rk−j(Φ¯
jPx(z
(j))− Φ¯jPz(z(j)); z
(k)
l¯k−j
).(y − z)k−j,
where x, z ∈ S, y ∈ Km, j ≤ k, y(j) = (y; v1, ..., vj ; t1, ..., tj), z
(i+j)
l¯i
=
(z; v1, ..., vj, el(1), ..., el(i); t1, ..., tj, 0, ..., 0), vi ∈ Km, ti ∈ K, l¯i = (l(1), ..., l(i)) ⊂
{1, ..., m} for each i = 1, ..., j;
(Φ¯iy[Φ¯
jPx(y
(j))](z
(i+j)
l¯i
)).(y − z)i
= Φ¯i+jPx(z
(i+j)
l¯i
)( l(1)y − l(1)z)...( l(i)y − l(i)z);
Rk−j(Φ¯
jPx(z
(j))− Φ¯jPz(z(j)); z
(k)
l¯k−j
) is the continuous residue equal to zero for
x = z for each l¯k−j,
Rk−j(f ; z
(j)
l¯k−j
).(y−z)k−j := Rk−j(f ; z
(j)
l¯k−j
)( l(1)y− l(1)z)...( l(k−j)y− l(k−j)z).
Therefore,
‖Φ¯jPx(y(j))− Φ¯jPz(y(j))‖ ≤ max0≤i≤k−j(|y − z|i|x− z|k−j−i)ρ(S, |x− z|).
If z ∈ A, G = A ∩ B(Km, z, |π|−1) and x ∈ U ∩ B(Km, z, |π|), then
we choose y ∈ G with |x − y| = dist(x,A), hence |x − y| ≤ |x − z| ≤ |π|−1,
|π|s0|h(x)| = |x−y| ≤ |π| and |y−z| ≤ max(|x−y|, |x−z|) ≤ |x−z| < |π|−1.
Take s2 ≥ −1 such that [(1+ |π|2s0+s2)/(1−|π|2s0+s2)] ≤ |π|−1, consequently,
q ∈ Gx implies |π|−s0|h(q)| ≤ |π|−s0[(1 + |π|2s0+s2)/(1 − |π|2s0+s2)]|h(x)| ≤ 1
and |π|−s0|h(q)| = |q−ψ(q)|, |q−x| ≤ max(|h(q)|, |h(x)|)|π|s0+s2 ≤ |π|s0+s2 ≤
1 and |ψ(q)−z| ≤ max(|ψ(q)−q|, |q−x|, |x−z|) ≤ max(|π|−1, 1, |π|−1) = |π|−1
and |ψ(q)−y| ≤ max(|ψ(q)−q|, |q−x|, |x−y|) ≤ max(|π|−1, 1, |π|−1) = |π|−1,
since s0 + s2 ≥ 0, where ψ(q) ∈ G.
If f ∈ Cn(U,K) and g ∈ Cn(U, Y ), where U is open in Km, then
(i) Φ¯n(fg)(x(n)) =
∑
0≤a,0≤b,a+b=n
∑
j1<...<ja;s1<...<sb;{j1,...,ja}∪{s1,...,sb}={1,...,n}
Φ¯af(x; vj1, ..., vja ; tj1, ..., tja)Φ¯
bg(x + vj1tj1 + ... + vjatja ; vs1, ..., vsb; ts1 , ..., tsb)
(see also Corollary 2.6).
Take Uz = Uy = B(K
m, z, |π|ζ), that is, y ∈ B(Km, z, |π|ζ) with ζ ∈ N,
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then
‖Φ¯ig(x(i))−Φ¯iPy(x(i))‖C0(V (i)y ,K) ≤ supq∈Gx max0≤j≤i ‖Φ¯
i−jwq‖max0≤l≤j(|x−
y|i|ψ(q) − y|j−i)ρ(G, |ψ(q) − y|) ≤ |π|−iρ(G, |ψ(q) − y|), since Φ¯ig(x(i)) −
Φ¯iPy(x
(i)) =
∑
q∈G Φ¯
i(wq(Pψ(q) − Py))(x(i)) and due to Formula (i), also
max0≤j≤i ‖Φ¯i−jwq‖ ≤ max0≤j≤i |πh(q)|i−j ≤ max0≤j≤i |π|(s0+1)(i−j) ≤ 1. Thus,
(ii) ‖Φ¯ig(x(i))− Φ¯iPz(x(i))‖C0(V (i)z ,K) ≤
max(‖Φ¯ig(x(i)) − Φ¯iPy(x(i))‖C0(V (i)z ,K), ‖Φ¯
iPy(x
(i)) − Φ¯iPz(x(i))‖C0(V (i)z ,K) ≤
|π|−imax(ρ(G, |ψ(q)− y|), ρ(G, |y − z|))
for each i ≤ k. Therefore, by induction relative to i we get Φ¯ig(x(i)) =
Φ¯iPx(x
(i)) for each x ∈ A. From Formula (ii) it follows that there exists
limx→z ‖Φ¯ig(x(i))− Φ¯iPz(x(i))‖C0(V (i)z ,K)|x− z|
i−k = 0
for all z ∈ A and 1 ≤ i ≤ k, hence Φ¯ig is continuous at z and for i < k and 1 ≤
l ≤ k − i there are the identities Φ¯l(Φ¯ig(z(i)))(zi+l) = Φ¯l(Φ¯iPz(z
(i)))(zi+l) =
Φ¯i+lPz(z
(i+l)) = Φ¯i+lg(z(i+l)), where Φ¯ig(z(i)) and Φ¯iPz(z
(i)) are defined on
U (i)z such that z ∈ Uz, Uz is open in K
m and it is sufficient to consider
Uz = B(K
m, z, |π|ζ).
23. Theorem. If A ⊂W ⊂ Km, f ∈ Ck(W,Kn) and
limx(k)→z(k)‖Φ¯
kf(x(k))− Φ¯kf(z(k))‖
C0(V
(k)
z,R
,Kn)
/|x(k) − z(k)|r <∞
for each z ∈ A and each 0 < R <∞, where W is open in Km and 0 < r ≤ 1,
V
(k)
z,R corresponds to Uz,R = W ∩B(K
m, z, R), then for each ǫ > 0 there exists
a map g ∈ Ck+1(Km,Kn) such that µm(A \ {x : f(x) = g(x)}) < ǫ.
Proof. In accordance with Theorem 20 µm+(m+1)(k+1)(A(k+1)\dom(Φ¯k+1f)) =
0 and due to Theorem 15 Φ¯k+1f is µm+(m+1)(k+1)|dom(Φ¯k+1f) measurable. From
the Lousin Theorem 2.3.5 [6] it follows, that there exists a closed subset E
in A(k+1) such that Φ¯k+1f(x(k+1))|E is continuous and µm+(m+1)(k+1)(A(k+1) \
E) < ǫ, where A(k+1) is defined analogously to U (k+1). Practically Φ¯k+1f(x(k+1))
is also continuous on W (k) ×Km ×K \ {0}, that is, for tk+1 6= 0. Put
φq(z
(k)) := sup0≤j≤k{‖Φ¯
jf(x(j)) − Φ¯jf(z(j)) − Φ¯1(Φ¯jf(z(j)))(z(j); x(j) −
z(j); 1)‖/|x(j) − z(j)|r : x(j) ∈ V (j)z,|π|q ; x
(j) 6= z(j)},
where z(k) = (z; v1, ..., vk; t1, ..., tk) ∈ A(k), z(j) = (z; v1, ..., vj ; t1, ..., tj), q =
1, 2, .... Then there exists limq→∞ φq(z
(k)) = 0 for each z ∈ E. Each function
φq is borelian.
Theorem 2.2.2 [6] states: suppose nonnegative φ is a measure over a
metric space X , all open subsets of X are φ measurable, and B is a Borel
set; (1) if φ(B) < ∞ and ǫ > 0, then B contains a closed set C for which
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φ(B \C) < ǫ; (2) if B is contained in the union of countably many open sets
Vi with φ(Vi) < ∞, and if ǫ > 0, then B is contained in an open set W for
which φ(W \B) < ǫ.
While the Egoroff Theorem 2.3.7 [6] is: suppose f1, f2, ... and g are φ
measurable functions with values in a separable metric space Y , where non-
negative φ is a measure over X ; if φ(A) < ∞, A ⊂ X , fn(x) → g(x) for
almost all x in A, and ǫ > 0, then there exists a φ measurable set B such
that φ(A \B) < ǫ and fn(x)→ g(x), uniformly for x ∈ B, as n→∞.
In view of the Egoroff 2.3.7 and 2.2.2 Theorems [6] for each ǫ > 0 there
exists a closed subset F in A(k) such that µm+(m+1)k)(A(k) \ F ) < ǫ and
limq→∞ supz∈J φq(z) = 0 for each compact subset J in F .
Take G and Gǫ from Theorem 17 and for z ∈ Gǫ consider the Taylor
expansion of Theorem A.1 with k here instead of n there and put Pz(y) =
f(z)+
∑k+1
j=1 Φ¯
jf(z; y− z, ..., y− z; 0, ..., 0), hence Py(y) = f(y). On the other
hand µm(A\G) = 0 due to Theorems 17 and 19. Show that the suppositions
of Theorem 22 are satisfied with Y = Kn. Let H be a compact subset in Gǫ
and y, z ∈ H . In accordance with Theorem A.1 we have:
Φ¯iPy(y
(i))−Φ¯iPz(y(i)) = Φ¯if(y(i))−Φ¯if(z(i))−[
∑k+1
j=i+1 Φ¯
jf(z; v1, ..., vi, y−
z, ..., y − z; t1, ..., ti, 0, ..., 0)]
for each i = 0, ..., k−1 and 0 < |y−z| < |π|q, where y(i) = (y; v1, ..., vi; t1, ..., ti)
and z(i) = (z; v1, ..., vi; t1, ..., ti). Therefore,
sup0<|y−z|≤|π|q;y,z∈H;0≤i≤k |Φ¯
iPy(y
(i))− Φ¯iPz(y(i))||y− z|i−k−1 ≤ φq(z(k)) <∞,
where z(k) = (z; v1, ..., vi, y − z, ..., y − z; t1, ..., ti, 0, ..., 0). Since Φ¯k+1f is
continuous on G, then Φ¯k+1Py(y
(k+1)) − Φ¯k+1Pz(y(i)) = Φ¯k+1f(y(k+1)) −
Φ¯k+1f(z(k+1)) is small for small |y(k+1) − z(k+1)|. Thus from Theorem 22
the statement of this theorem follows.
24. Theorem. 1. If A ⊂ Km, f : A → Kn and aplimx→z|f(x) −
f(z)|/|x− z|r for µm almost all z ∈ A, where 0 < r ≤ 1, then for each ǫ > 0
there exists a map g ∈ C1(Km,Kn) such that µm(A \ {x : f(x) = g(x)}) < ǫ.
2. If A ⊂W ⊂ Km, f ∈ Ck(W,Kn) and
aplimx(k)→z(k)‖Φ¯
kf(x(k))− Φ¯kf(z(k))‖
C0(V
(k)
z,R
,Kn)
/|x(k) − z(k)|r <∞
for µm almost all z ∈ A and each 0 < R <∞, where W is open in Km and
0 < r ≤ 1, A is µm measurable, V (k)z,R corresponds to Uz,R = W ∩B(K
m, z, R),
k ≥ 1, then for each ǫ > 0 there exists a map g ∈ Ck+1(Km,Kn) such
that µm+(m+1)k(W
(k)
A \ {x
(k) : Φ¯kf(x(k)) = Φ¯kg(x(k))}) < ǫ, where W (k)A :=
{(x; v1, ..., vk; t1, ..., tk) : x ∈ A; v1, ..., vk ∈ K
m; t1, ..., tk ∈ K; x + v1t1 + ... +
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vjtj ∈ W ∀1 ≤ j ≤ k}.
Proof. In accordance with Theorems 19 and 20 there exist compact sub-
setsH1, H2, ... such thatHi ⊂ B(Km+(m+1)k , 0, |π|−i)\B(Km+(m+1)k, 0, |π|−i+1)
for i > 1 andH1 ⊂ B(Km+(m+1)k, 0, 1/|π|) and the restrictions Φ¯kf |Hi are lip-
schitzian, µm+(m+1)k(A(k)∩[(B(Km+(m+1)k , 0, |π|−i)\B(Km+(m+1)k, 0, |π|−i+1))\
Hi]) < ǫ2
−i for i > 1 and µm+(m+1)k(W
(k)
A ∩ [B(K
m+(m+1)k , 0, 1/|π|) \H1]) <
ǫ/2, where W
(0)
A = A, Φ¯
0f = f , k = 0 in the first case and k > 0 in
the second case. Using Theorem 8 by induction we construct a function
h : Km+(m+1)k → Kn such that h|B(Km+(m+1)k ,0,|π|−i) is a lipschitzian exten-
sion of h|B(Km+(m+1)k ,0,|π|−i+1)∪Φ¯
kf |Hi. Therefore, h is locally lipschitzian and
µm+(m+1)k(W
(k)
A \ {x
(k) : Φ¯kf(x(k)) = h(x(k))}) < ǫ. The applying Theorem
23 with Km,Kn, h, k instead of A,W, f, k gives the assertion of this theorem.
25. Theorem. Let f : Km → Kn, m,n ∈ N. Let also f ◦ u ∈
Cs,r(K,Kn) for each u ∈ C∞(K,Km), where s is a nonnegative integer,
0 < r ≤ 1, then there exists a µm measurable subset G in Km such that
f ∈ Cs+1(G,Kn), where µm(Km \ G) = 0. Moreover, for each ǫ > 0 there
exists a map g ∈ Cs+1(Km,Kn) such that µm(Km \ {x : f(x) = g(x)}) < ǫ.
Proof. The non-archimedean modification of the results from [2] gives,
that f ∈ Cs,r(Km,Kn). Then by Theorem 9 there exists Φ¯s+1f(x(s+1)) con-
tinuous for almost all points x(s+1) ∈ Km× (Km)s+1× (K)s+1 on a set G0,s+1
and DiΦ¯jf(x(j)) is continuous for almost all points of Km × (Km)j × (K)j
on a set Gi,j for each 0 ≤ i, j ≤ s with i+ j ≤ s+ 1. Since G
(i)
i,j ⊂ G0,i+j for
each i, j and G0,k = K
m × (Km)k × (K)k for each k ≤ s, then G ⊃ G0,s+1
and µm(Km \G) = 0.
The second statement follows from Theorem 23.
26. Theorem. 1. Suppose f : Km → Kn, m,n ∈ N and f ◦ u ∈
apC
s+1(K,Kn) for each u ∈ C∞(K,Km), where s is a nonnegative integer,
then f ∈ apCs+1(Km,Kn).
2. If A ⊂ K, f ◦ u ∈ apCs,r(K, A,Kn) for each u ∈ C∞(K,Km),
where 0 < r ≤ 1, A is µ measurable, then for each ǫ > 0 there exists a
map g ∈ Cs+1(Km,Kn) such that µm+(m+1)s)((KmAm)
(s) \ {x(s) : Φ¯sf(x(s)) =
Φ¯sg(x(s))}) < ǫ.
Proof. From the ultra-metric modification of [2] it follows, that f ∈
Cs(Km,Kn).
1. It remains to prove, that Φ¯sf ∈ apC1((Km)(s),Kn), where (Km)(s) =
Km×(Km)s×(K)s and Φ¯sf ◦u ∈ apC1((K)(s),Kn) for each u ∈ C∞(K,Km).
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Therefore, it is sufficient to prove, assertion 1 for s = 0 up to a choice of
notation. But f ◦ u ∈ apC1(K,Kn) for each u ∈ C∞(K,Km) means in
particular this for u(t0) = x, u(t1) − u(t0) = eit with t0 6= t1 ∈ K, that
Φ¯1f(x; ei; t) is µ
m+1 almost everywhere continuous on Km × K and there
exists a linear mapping Ti : K→ Kn such that (µ, V )ap limt→0 |f(x+ eit)−
f(x)−Tit|/|t| = 0 for each i = 1, ..., m, where V = B(K). Since i is arbitrary,
then Φ¯1f(x; v; t) is µ2m+1 almost everywhere onK2m+1 continuous due to the
combinatorial Formula:
Φ¯1(f◦u)(y, v, t) =
∑m
j=1 Sˆj+1,vtΦ¯
1f(u(y), ej, tΦ¯
1◦pju(y, v, t))(Φ¯1◦pju(y, v, t)),
where Sj,τu(y) := (u1(y), ..., uj−1(y), uj(y+τ(s)), uj+1(y+τ(s)), ..., um(y+τ(s))),
u = (u1, ..., um), uj ∈ K for each j = 1, ..., m, y ∈ Ks, τ = (τ1, ..., τk) ∈ Kk,
k ≥ s, τ(s) := (τ1, ..., τs), pj(x) := xj , x = (x1, ..., xm), xj ∈ K for each
j = 1, ..., m, Sˆj+1,τg(u(y), β) := g(Sj+1,τu(y), β), y ∈ Ks, β is some pa-
rameter. Then there exists a linear mapping T : Km → Kn such that
(µm, V )ap limz→x |f(z) − f(x) − T (z − x)|/|z − x| = 0, where V = B(Km),
since µm = ⊗mi=1µ and B(K
m) = ⊗mi=1B(K) is the minimal σ algebra gener-
ated from the family of all subsets of the form A1× ...×Am with Ai ∈ B(K)
for each i = 1, ..., m, consequently, f ∈ apC1(Km,Kn), where Teit = Tit for
each t ∈ K and each ei = (0, ..., 0, 1, 0, ..., 0) ∈ Km.
2. We will prove, that Φ¯sf ∈ apC
0,r((Km)(s), Am,Kn), then the sec-
ond statement will follow from Theorem 24.2. Thus up to the notation
it is sufficient to prove the second assertion for s = 0. We have f ◦ u ∈
apC
0,r(K, A,Kn) for each u ∈ C∞(K,Km), particularly, for u(t0) = z,
u(t1)− u(t0) = eit with t0 6= t1 ∈ K. Thus
(µ, V )aplimt→0‖f(z + eit)− f(z)‖C0(Wt0,R,Kn)/|t|
r <∞
for µ almost all t0 ∈ A and each 0 < R < ∞, where Wt0,R = B(K, t0, R),
V = B(K), consequently,
(1) (µm, V )aplimx→z‖f(z)−f(x)‖C0(Uz,R,Kn)/|x−z|
r ≤ maxmi=1 aplimmaxi |ti|→0‖f(z+
e1t1 + ... + eiti)− f(z + e1t1 + ... + ei−1ti−1)‖C0(Wt0,i,R,Kn)/|ti|
r <∞
for µm almost all t0 = (t0,1, ..., t0,m) ∈ Am and each 0 < R < ∞, where
V = B(Km), since µm = ⊗mi=1µ and B(K
m) = ⊗mi=1B(K) is the minimal σ
algebra generated from the family of all subsets of the form A1 × ... × Am
with Ai ∈ B(K) for each i = 1, ..., m, where Uz,R = B(K
m, z, R), x =
z+ e1t1+ ...+ emtm, ti = t1,i− t0,i, iz = iu(t0,i), z = ( 1z, ..., mz). Thus (1)
is satisfied for µm almost all z ∈ Am and the applying of Theorem 24.2 gives
assertion 2.
25
3 Appendix
In [19] it was proved the non-archimedean variant of the Taylor theorem for
functions of one variable and for several variables in Theorem A.5 [15].
A.1. Theorem. Let f ∈ Cn+1(U, Y ), where n ∈ N, X and Y be topolog-
ical vector spaces over K and U be either clopen in X or X be locally convex.
Then for each x and y ∈ U the formula
f(x) = f(y)+
∑n+1
j=1 Φ¯
jf(y; x−y, ..., x−y; 0, ..., 0)+Rn+1(f ; x, y).(x−y)⊗(n+1)
holds, where Rn+1(f ; x, y) = Rn+1(x, y) : U
2 → Ln+1(X⊗(n+1), Y ) with
limx→y Rn+1(x, y) = 0, Ln(X
⊗n, Y ) denotes the space of n polylinear contin-
uous operators from X⊗n into Y .
Proof. If j ≤ n, then Φ¯jf(z; v1, ..., vj; 0, ..., 0) is the j polylinear opera-
tor by vectors v1, ..., vj as follows from application of Lemma I.2. For n = 0
take R1(x, y).(x− y) := f(x)− f(y)− Φ¯
1f(y; x− y; 0) = Φ¯1f(y; x− y; 1)−
Φ¯1f(y; x− y; 0). For n = 1 from the definition of Φ¯2f we have f(x)− f(y) =
Φ¯1f(y; x−y; 1) and R2(x, y).(x−y)⊗2 := Φ¯2f(y; x−y, x−y; 0, 1)−Φ¯1f(y; x−
y, x−y; 0, 0). Let the statement be true for n−1, then from Φ¯n(y+ tn+1(x−
y); x−y, ..., x−y; t1, ..., tn) = Φ¯n(y; x−y, ..., x−y; t1, ..., tn)+(Φ¯1(Φ¯nf(y; x−
y, ..., x− y; t1, ..., tn))(y; x− y; tn+1))tn+1 and the continuity of Φ¯
n+1f it fol-
lows that Rn+1(x, y).(x − y)⊗(n+1) = Φ¯nf(y; x − y, ..., x − y; 0, ..., 0, 1) −
Φ¯nf(y; x − y, ..., x − y; 0, ..., 0, 0), hence Rn+1(f ; x, y) = Rn+1(x, y) : U2 →
Ln+1(X
⊗(n+1), Y ). Since f ∈ Cn+1(U, Y ), then limx→yRn+1(x, y) = 0. In
general the entire correction term Rn+1(f ; x, y).(x − y)⊗(n+1) need not be
polylinear, because Rn+1(f ; x, y) may be nonlinear by x− y, but it is useful
to write it in such form.
Here it is not used Di, but partial difference quotients Φ¯i are used in-
stead, then multipliers 1/i! does not appear and the Taylor formula is true
for char(K) = p > 0 with decomposition up to terms of order n + 1 ≥ p
as well. Considering given x, y ∈ U we can associate with it an intersec-
tion of {tx + (1 − t)y : t ∈ K}. If U is clopen, then f has a Cn+1 ex-
tension on X , so we can consider a K convex clopen subset U1 such that
U ⊂ U1 ⊂ X instead of an initial one and denote it also by U . Thus,
under suppositions of this theorem on U and X we can consider the case
{tx + (1 − t)y : t ∈ B(K, 0, 1)} ⊂ U for each x, y ∈ U without loss of gen-
erality. Therefore, Rn+1(y + vt, y).(tv)
⊗(n+1) = tn+1Rn+1(y + vt, y).v
⊗(n+1) =
(Φ¯1(Φ¯nf(y; vt, ..., vt; 0, ..., 0))(y; v; t))t = tn+1(Φ¯1(Φ¯nf(y; v, ..., v; 0, ..., 0))(y; v; t)),
where x− y = vt. Thus, the consideration can be reduced to x and y along
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lines containing x and y. This gives
Rn+1(y + vt, y).v
⊗(n+1) = (Φ¯1(Φ¯nf(y; v, ..., v; 0, ..., 0))(y; v; t)),
where Φ¯nf(y; v1, ..., vn; 0, ..., 0) ∈ Ln(X⊗n, Y ) and
Φ¯1(Φ¯nf(y; v1, ..., vn; t1, ..., tn))(y; vn+1; tn+1)) = Φ¯
n+1f(y; v1, ..., vn+1; t1, ..., tn+1)
is continuous by (y; v1, ...vn+1; t1, ...., tn, tn+1) ∈ U (n+1) with
limvn+1→0 Φ¯
1(Φ¯nf(y; v1, ..., vn; 0, ..., 0))(y; vn+1; t)) = 0
for each t such that (y; v1, ..., vn+1; 0, ..., 0, t) ∈ U (n+1), since
Φ¯n+1f(y; v1, ..., vn+1; 0, ..., 0) ∈ Ln+1(X
⊗(n+1), Y ) so that
Φ¯n+1f(y; v1, ..., vn, 0; 0, ..., 0) = 0, while Φ¯
n+1f(y; v1, ...vn, 0; t1, ..., tn, tn+1) =
0 for tn+1 6= 0 due to the definition of Φ¯n+1f and Φ¯1f . This proves the
desired limit property of the residue Rn+1 due to the continuity of Φ¯
jf for
each j ≤ n+1, since the addition of vectors and multiplication of vectors on
scalars are continuous operations in X .
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